Maintaining a balance between revenue and expenditure is the key to the sustainable development of a bicycle sharing system (BSS), and is a challenge for almost all systems worldwide. This article proposes a dynamic programming approach to obtain the optimal strategy to maximize the revenue of overall BSS. The Variable Granularity-Depth First Search (VG-DFS) algorithm is designed to speed up the solution. A numerical experiment is presented to verify the applicability of the model through a comparison with real data from the BSS in Hangzhou. Results indicated that the BSS could achieve break-even, or even obtain a substantial income by utilizing our model to make operational decisions, especially when the region it is located in has a relatively high GDP. Moreover, the best investment strategy proved is to invest stations as much as possible in the initial construction period of the BSS.
Introduction
Bicycle sharing systems have attracted the attention of numerous cities as a green, flexible, sustainable mobility model. This type of public project is an economical trip mode for people; however, it is not always economical for the government, or operator. Most bicycle sharing systems (BSSs) have been developed by the government and operated by an external operator. To encourage people to accept this new trip mode, many BSSs do not charge users. Nevertheless, the operating costs of a BSS are alarmingly high (including hardware investment, cost of maintenance and depreciation, the reposition cost, etc.). For instance, the capital costs of SmartBike, Cyclocity and Bixi are around USD $3,600, $4,400 and $3,000 per bicycle, respectively; and the average operating cost of several systems is approximately USD $1,600 per bicycle (New York City Department of City Planning 2009) [1] . These costs meant that the BSS operators are unable to meet their income targets to cover their expenditure, despite the government having a large financial stake in subsidizing the daily operating costs of a BSS. The BSS has developed an income channel, by selling the advertisement rights to advertising contractors or the operator [2] ; however, most of advertising contractors are not sure, whether the return on investment of a time-varying BSS could achieve their expectations, thus there is a lack of participation enthusiasm. For these reasons, few BSSs are able to obtain satisfactory revenue by selling advertising rights, and the profit of the BSS is always negative. Given this situation, government departments begin to question whether the investment is worthy, 2 which subsequently means that the operator would have to quit the BSS with heavy losses, and the rejection of a contract extension by the advertising contractor with the operator.
Thus, a crucial factor in the sustainable development of a BSS is its ability to meet the profit demands of all stakeholders, that is, to ensure that the basic income requirements of all stakeholders can be achieved in any operation stage. Due to the requirements of building stations and purchasing bicycles in the early stage of building a BSS, the system needs a lot of effective financial input. For instance, the government in Hangzhou provided RMB 150 million as a start-up fund, and RMR 270 million worth of subsidized loans in the early stage of the BSS. The government in Shanghai and Zhuzhou invested RMB 78.361 million and RMB 1.5 billion in the construction stage of the BSS, respectively [3] . For the BSS in Washington, D.C. and Canada, Bixi, the cost of planning, implementation and administration for capital bikeshare totaled USD $5.0 million and USD $15 million, respectively [4] . However, two factors prevent the BSS from achieving sustainable operation.
(1) The BSS cannot obtain enough continuous support from the government; and (2) although the government has invested a plenty of money, its supervision is weak. Indeed, the main comments in news and media on a failed BSS venture always focus on the lack of effective financial support and supervision. In Wuhan, for example, the government invested RMB 300 million in the development of a BSS in 2009 by adopting a public-private-partnership (PPP) business model. Nevertheless, to maximize profit, the operator invested most of their energy into real estate projects and advertising media -that are given by the government for subsidizing the operating costs of the BSS -and ignored maintaining the system. After four years, the project failed, because none of their bicycles could be used with predictable results [5] , with the obvious reason of being a lack of government regulation. The other instance was in Beijing, where the BSS only survived for two years during the Beijing Olympic Games. This is mainly due to a lack of support in both policy and funding. Thus, developing a sustainable investment strategy for the government, and designing mechanisms to supervise the behavior of the operator, are particularly challenging and meaningful issues for a BSS.
Although the government plays a significant role in influencing the performance of a BSS, the impacts of the operator cannot be ignored. The BSS is a no carbon method of transportation, it has a large number of users, and the operator can externalize many internal effects. Shaheen et al. [2] concluded that advertising was a revenue source for most BSSs worldwide, such as SmartBike (USA), Hangzhou Public Bicycle (China), and nextbike (Germany), unless the BSS operator was a non-profit organization. Regardless of the operating rights of advertisement is sold to an advertising company, or operated by an agency or the local authority, it is widely used for improving the profit of a BSS [6] . However, only a small number of BSSs can carry out advertisement opportunities smoothly, especially difficult for the BSSs that in small-sized cities or recently opened ventures, because of lacking sufficiently attractive to the advertising contractor. Therefore, methods to dispel the concerns of the advertisement contractor are another problem for the BSS.
Since research on the optimization of income structure in a BSS is quite new, the literature on its related challenges are sparse. Such systems raise modeling questions, as well as challenges concerning finding appropriate solutions to solve the resulting problems. While the domain of a BSS's operating decision-making is yet to be studied, some aspects of it have already appeared in the literatures on other PPP projects and supply chain. This article focuses on the dynamic programming (DP) model of profit management in a discrete operation cycle. This method will benefit optimal decision-making in each stage and in the perspective of the maximization of overall revenues. Additionally, the DP will also consider the supervision and incentive mechanisms between the government and the operator, as well as the advertising revenue distribution and the incentive mechanism between the operator and the advertising contractor. The contributions of this article are the following:
(i) Introduction of a sustainable operation problem in BSS.
A new multi-period operation decision-making problem is introduced, arising from a BSS. This is the primary problem faced by the sustainable development of a BSS.
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(ii) Presentation of mathematical models for the provided problem. A modeling approach is proposed to solve the problem of operating a BSS sustainably, which is unique in the objective function and incorporate additional characteristics that are new to the literatures. The chosen objective function is based on practical considerations and is quite unusual when compared to typical decision-making problems, as it focuses on maximizing the total system revenue during the whole operational period. Based on the modeling approach, the DP and the Stackelberg Game (SG) models are utilized; each associated with a certain vision on searching the optimal solution. Thus, the Pareto optimal solution of operating decision variables in a BSS can be found.
(iii) Improving solution methods. Solutions to the problem are developed based on the DP and SG formulations described above, and combined with some algorithmic enhancements. The algorithmic enhancements are steps taken beyond a straightforward application of a DP solver, and are required to obtain good solutions in a reasonable time. Technicalities that need to be worked out in formulating and solving the problem efficiently may prove useful for other DP problems as well, so that the theoretical contribution of this work may be more generally applicable.
(iv) Verification through a comparison of computational experiments with real data A case study of the BSS in Hangzhou was solved by using the suggested formulations and solution methods. The BSS in Hangzhou is one of the best bicycle sharing systems worldwide. Results indicate that the formulations and its associated solution methods could obtain similar results to Hangzhou's data. Thus, our contributions are from both a scientific and a practical point of view.
The rest of this article is organized as follows: Section 2, a review of the literature is presented to describe related work from several application areas. In Sections 3 and 4, the mathematical models are described by specifying the underlying assumptions and the chosen objective function, present formulations, and sets of valid inequalities that are used to tighten them. In Section 5, additional algorithmic enhancements are discussed that are needed to solve the mathematical models effectively. In Section 6, the numerical experiments are described, as are the results of their comparison with real data and their analysis. Finally, in Section 7, some conclusions, possible extensions and directions for further research are discussed.
Literature Review
For the past few years, the bicycle sharing system operation has attracted the attention of researchers in different fields. Among them, the most eye-catching research direction is the repositioning of bicycles, and this area harvested a wealth of research results. Benchimol et al. [7] first provided the bicycle-repositioning problem (BRP) and presented a method to deal with the balancing of the stations when no bikes are moving. Forma et al. [8] classified the BRP as a variation of the Pickup and Delivery Problem (PDP). Raviv et al. [9] improved the research by constructing the objective function to minimize the measure of the expected user's dissatisfaction, and Ho and Szeto [10] used the concept of the penalty function proposed by them and presented an iterated tabu search heuristic to solve the static BRP. They also pointed out that when the BRP only considered one vehicle; the problem becomes a one-commodity pickup-and-delivery traveling salesman problem (1-PDTSP). When the BRP considered multiple vehicles and a maximum duration constraint for each route, the problem belongs to a one-commodity pickup-and-delivery vehicle routing problem. Dell'Amico et al. [11] and Erdoğan et al. [12] solved the BRP with the branch-and-cut algorithm with different assumptions. Di Gaspero et al. [13] tackled the BRP by means of Constraint Programming (CP). Rainer-Harbach et al. [14] investigated different metaheuristic approaches for solving the BRP. Szeto et al. [15] proposed chemical reaction optimization (CRO) to solve the single-vehicle static BRP with the objective of minimizing the operational time on the vehicle route and the weighted sum of unmet customer demand. Ho and Szeto [16] proposed a hybrid large neighborhood search for solving the multi-vehicle BRP with the objective of minimizing the total travel time and the weighted sum of the penalty cost at each station. Li et al. [17] considered multiple types of bikes in static BRP, and formulated a mixed-integer linear programming according to this new problem. Kloimüllner and Raidl [18] considered only full vehicle loads for movement among the rental stations in BRP and used a compact MIP model, a logic-based Benders decomposition (LBBD), and a Branch-and-Check (BAC) to formulate this rebalancing problem. In addition to this, some researches focus on the different aspect of the bicycle sharing system operation. Such as Shu et al. [1519] developed a network flow model to support decision-making in the design and management of the BSS. Li and Shan [1620] provided a bidirectional incentive model to encourage the behavior of crowdsourcing to improve the performance of bicycle reposition.
From the observation on the above literatures, the researches on various aspects of BSS operation are emerging in an endless stream. However, the researches on the sustainable profit of a BSS are limited. Shaheen et al. [1721] illustrated that some operational programs have four key factors affecting profitability: station location, membership retention, discounts, and new revenue sources. Furthermore, new revenue sources include new sponsor revenue, selling advertising space and starting an online store. Ricci [1822] pointed out that "further research is necessary to develop innovative evaluation frameworks and methods that are specific to bike sharing, able capture their full range of impacts and not just those which are directly and more easily quantifiable". Nakamura and Abe [1923] proposed and evaluated a hybrid model as an appropriate prototype to ensure the sustainable management of BSSs. Zhang et al. [3] pointed out that it was necessary to understand the stakeholders' prospective earnings for the responsible officer to develop a BSS. Thus, it can be seen that the sustainable profit of a BSS has already started to get the attention of scholars. Moreover, in the real world, many BSSs are facing the unsustainable problem of interrupting by a break in a funding chain. The main reasons for this result are as follows. (1) The government being unwilling to pay enough money to subsidy the BSS, as it does not have sufficient faith in the return on investment of the project. (2) The operator leaves the BSS due to low income. (3) The advertising contractor is not willing to buy the rights of operating advertisement from a BSS, due to the investment risk. (4) Users no longer use bicycles due to poor service. As long as one of the above-mentioned conditions appear, the BSS will be hard to keep running. Thus, the question of how to balance and create profit for every stakeholder from the perspective of operational decisions is a significant problem for a BSS.
In a BSS, stakeholders include government, the operator, the advertising contractor and the user (this article focuses on the profit issue of a BSS, so this article does not consider the user of the BSS). The cooperative partnership between the government and the operator is mostly a public-private partnership, and the relationship between the operator and the advertising contractor is more similar to the supply chain. Obviously, the objective of these relationships is to achieve a win-win scenario. Therefore, it is necessary to establish a proper restraint mechanism to safeguard the interests of both parties. The incentive and punishment mechanism has been widely used in many research areas, of which the public-private partnership project and supply chain are two.
In public-private partnership, for example, Zhang [2024] suggested that one of the critical success factors for a public-private partnership is the formulation of an appropriate risk allocation via reliable contract. Chen [2125] devised a method for making cross-enterprise dynamic joint decisions through dynamic programming and the Stackelberg game. The result of their research pointed out that in a cooperative setting, the consigned revenue-sharing vendor managed inventory contract tended to enable channel efficiency and the profit of both parties increases. Pongsiri [2226] pointed out that a sound regulatory framework will benefit the government to ensure partnerships operate efficiently, and realize resource optimization configuration. In turn, the private sector is protected by contract agreements to avoid the risk of market volatility. The literatures abovementioned illustrate that an appropriate risk allocation is of benefit to cooperation efficiency.
The research area into supply chain also has plenty of articles to explore this mechanism among stakeholders. For instance, Ho et al. [2327] explored differences between distributional and peerinduced fairness in supply chain contract design. They showed that the retailer made a lower share of the total supply chain in the presence of peer-induced fairness, and the experiment suggested that peer-induced fairness was more salient. Xu et al. [2428] proved that the price set by a risk-averse dualchannel supply chain was lower than a risk-neutral dual-channel supply chain. They also pointed out that the manufacturer provided a contract to the retailer, which not only coordinated the dualchannel supply chain, but also ensured that both stakeholders achieve a win-win situation, which can promote cooperation between the retailer and the manufacturer. Furthermore, revenue sharingas one of the most popular contracts in the practice area-has attracted the attention of many scholars. Under a revenue-sharing contract, retailers pay a wholesale price for each unit purchased to suppliers, plus a percentage of the retailers' revenue [2529] . Giannoccaro and Pontrandolfo [2630] proposed a model of supply chain contract based on the revenue sharing mechanism, which could improve all stakeholders' profits by turning contract parameters. Kouvelis and Zhao [2731] proved that the using effect of revenue-sharing contracts with working capital coordination for the decentralized management of supply chains was better than buyback and quantity discount when there are bankruptcy risks and default costs. They also proposed that revenue-sharing contracts could be used to effectively achieve the desired working capital coordination.
As above-mentioned, how to share risk and profit in a cooperative relationship is one of the most significant issues on both sides. The revenue-sharing contract has been proved to be an effective instrument for facilitating the coordination of bilateral cooperation and improving the profit of all stakeholders. Therefore, in this article, to motivate advertising contractors towards the responsible operation of the advertisement management task of a BSS and reassure them, the revenue-sharing contract was applied to the rational allocation of risk and profit on both sides. With the objective to encourage the operator to continue operating the BSS, the government could subsidy the operator to reduce the risk of bankruptcy. Otherwise, to incentivize the behavior of the operator (and if the advertising contractor could meet the requirements), the government could implement the incentive and punishment mechanism with the operator, and the operator could create incentives to encourage the advertising contractor to enhance its efforts.
The BSS as a project, which has a period of construction and operation, and goes through a long development process. The BSS has a massive need for infrastructure investment. However, government subsidy is subject to local fiscal revenue restrictions, and the benefits of advertising are impacted by the quantity of users in the BSS. Thus, the question of how to obtain an optimal decision to ensure that the BSS can develop sustainably when there are many constraints is the significant issue for this article to resolve. Previous studies have provided methods to obtain the optimal decision in a long and changing development period. For example, Zhu et al. [2832] used a linear programming approach to support the decision-making process in industrial energy-management. They revealed the significance of such decision-making tools for energy planning and accounting; in industrial settings, different performance indicators can lead to different recommendations. Yu and Gao [2933] proposed a discrete dynamic programming (DP) model for investment decision-making in environmental projects. The model they provided obtained the optimum investment strategy with the objective of minimizing costs and meeting the emission standard. The decision-making (DM) techniques for the construction of effective decision models for decision-maker selection can be divided into three types: multicriteria decision making (MCDM) techniques, mathematical programming (MP) techniques, and artificial intelligence (AI) techniques [3034] . Dynamic programming, as an MP technique can make optimum strategy in a time-varying system under multiple constraints. Therefore, in this article, DP is utilized to solve the proposed problem.
The studies of exploring the optimal operation decisions in various industries is very rich. However, to our knowledge, the problem of exploring the optimal operation decisions of a BSS has 6 never been studied. In this article, the objective function is to maximize the total revenue of a BSS, whilst ensuring that all stakeholders can meet their demands of expected profit, that is, to obtain the Pareto optimum solution during the period of the BSS operation.
Model Description
Two crucial factors in the sustainable development of a BSS are user trips and a positive return for each stakeholder in a BSS. Hence, a major challenge in modeling and formulating the optimal operation decision problem is to express the objective function accordingly. We did so by defining the objective function precisely as the profit of overall BSS in a period of development to be maximized.
In this section, as the increase in user trips is the key to the sustainable development of the BSS, and runs through the models proposed, the state transition equation of user trips is first introduced in Section 3.1. Next, to improve the operating performance of all partners, the incentive and punishment mechanism model of the government and the operator is established in Section 3.2. Finally, to optimize the benefit of the entire system, the profit function of the government, the operator and the advertising contractor are showed in Section 3.3. For the sake of convenience, the main notations exhibiting the major variables and parameters used throughout the models are showed in Table 1 , and the rest of the parameter descriptions are showed in Appendix 1. 
The State Transition Equation of the User Trips
The user trips in a BSS is the key indicator of the system running effect. Only in the case of user trips is enough to attract external funding. In that way, in addition to outside influences (such as local climate, the construction of bike lanes and public recognition), main factors that lead the user trips to change are as follows:
The system scale. With the expansion of the system scale, it will be able to meet the travel needs of users, . Aand only when the system is of a certain scale can local people appreciate the convenience of using bicycles. (The system scale effect is described on the user trips as (ii) The system service. As the user's satisfaction determines the choice of their travel behavior, the service level from a BSS operator can directly affect the user's satisfaction. Therefore, if a high level of service can create a convenient and comfortable experience for the user, then the user trips will increase, and vice versa (The system service effect is described on the user trips as mt px. Based on authors' experiences, it is assumedBased on the experience, it assumes that user trips will significantly rise with an increase in the service level when the service level is below a specific value, while the user trips do not apparently increase with an increase in the service level when the service level is above a specific value. Thus, we define
(iii) The natural increase. With the development of the BSS and an increase in people's environmental protection consciousness level, user trips will grow to a certain degree (The natural increase effect is described on the user trips as 0 t kx ).
Based on the analysis above, the expression for user trips growth in stage t is as follows:
The Incentive and Punishment Mechanism Models
System profit is the second crucial factor that effects the sustainable development of a BSS. Each participant in the BSS must be profitable otherwise a party will exit, resulting in the system being unable to function properly. However, to facilitate the user and increase user trips, the charge of using a public bicycle is so low that the cost of operating cannot be filled. Thus, a suitable strategy of subsidy and externalizing internal benefits is the key to balancing the profit of a BSS. Hereby, the solutions proposed in this article will be described in detail from the perspective of the government and the operator, respectively.
The Incentive and Punishment Mechanism Models of the Government
To allow the support from the government to promote the development of a BSS effectively, it must develop policies of reward and punishment and subsidies related to the operating performance to restrain the behavior of the operator. Moreover, strategies proposed by the government should benefit an increase in user trips. Specific measures are as follows:
Investment expansion station. As an investor of a BSS, the government should aim to maximize their overall interests, and to formulate reasonable and feasible investment strategies for the station expansion. With continuous expansion of the BSS scale, user trips will also be enhanced.
(ii) Subsidy policies. To support the continued operation of a BSS, the government has to provide a basic operating subsidy based on the number of stations. The subsidy policy is to develop a subsidy strategy that decreases year by year. This strategy could 9 stimulate the operator actively to explore new ways to increase revenue and reduce government spending. The expression of the basic subsidy strategy is defined as follows:
To ensure the sustainability of the BSS, depreciation funds must be withdrawn to support the upgrade of bicycles. The government has to pay depreciation funds at the early stage of construction, and the expression of the depreciation subsidy is defined as follows:
In Equation (3),
represents the depreciation expense of bicycles.
represents the government will provide all depreciation expenses during the stage of construction, and will reduce the depreciation subsidy after the construction period. Moreover, the government could adjust the subsidy ratio by deciding the value of  .
(iii) Reward and punishment strategy. Since service level has a significant effect on the user trips; it is recommended that the government formulate the strategy of reward and punishment for the operator's service level. The expression of the reward and punishment strategy is defined as follows:
In Equation (4), we find that the intensity of punishment is greater than reward. This method assists in constraining the operator to maintain service quality at a stable level.
The Incentive and Punishment Mechanism Model of the Operator
In addition to effort to improve service level, the operator should also strive to externalize the internal benefits of the BSS, to reduce their dependence on government subsidy. The main measures are to translate the user trips into advertising effectiveness and carbon trading income. Specific measures are as follows:
Incentivizing the advertising contractor to actively cooperate and protect the advertising contractor's profit level is one of the most effective measures. Thus, the following constraint is added to ensure that the advertising contractor's profit margin is greater than the retained profit margin which is formulated by the operator:
Since advertising effectiveness is related to the effort levels of the advertising contractor, the operator should encourage them to enhance their effort levels. Therefore, the retained profit margin that is formulated by the operator is set to relate to the effort level positively, as shown below:
The operator can adjust the incentive strength by adjusting the value of  .
(ii) Translating the user trips into carbon trading income. Since traveling with bicycles does not yield any carbon, the BSS can reduce carbon emissions from the traffic area.
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Therefore, the operator could put the carbon emissions into the carbon market, and translate the environmental benefits into economic benefits. In order to calculate the carbon trading income, a new formula is proposed to determine it and is shownThe carbon trading income is calculated as follows:
100 1000 10000
r represents the transaction ratio, and is dependent on market saturation and the acceptance of carbon trading. In addition, although it failed to successful trading, the rest part of the carbon emission reduction is beneficial to the society also. Therefore, the benefits of the rest part (the formula is shown in Equation (18)) will be included into the social benefits.Furthermore, carbon trading income can be included as part of the social benefits.
The Profit Functions of Stakeholders

The Profit Function of the Advertising Contractor
The advertisement resource in a BSS has an inherent benefit, which is obtained without any extra effort on behalf of the advertising contractor. The inherent benefit function of advertisement is estimated by the cost per thousand impressions is as follows: I represents the "impression index", and combines both the memorization and attention index during consumers observing commercials by tracking the electroencephalo-graph activitygraph activity (EEG) [3236] . It is always used to calculate the cost per impression (CPI), which is used to assess the cost effectiveness and profitability of advertising [3337] .
With an improvement of the advertising contractor's effort level, such as more appealing presentation and more accurate market segmentation, the actual advertising profit will be a corresponding increase. The actual profit function of advertisement is as follows:
where  represents the impact of market fluctuations on advertising profit, which is assumed that  obeys a normal distribution( To share profit and risk with the advertising contractor, the operator selects a suitable proportion of allocation of the actual advertising profit. Thus, the advertising profit of the advertising contractor is as follows:
Then, the actual profit of the advertising contractor is as follows:
where t cQ represents the total cost of advertising; Since the profit function of the advertising contractor has a feature of invariant absolute risk aversion, it is defined as follows:
The Profit Function of the Operator
The profit of the operator mainly consists of the government subsidy and the income obtained by externalizing internal benefits. The sum of government subsidies is as follows:
The profit function of the operator is defined as follows:
In Equation (14), a t t W  represents the advertising revenue of the operator; and
represents the cost of operating. When the service level is higher than the equilibrium state and the number of stations increase, the costs of operating also increase. 
The Profit Function of the Government
The profit to the government consists of all social benefits and the total accumulated assets of the BSS, minus the cost of the subsidy and investment. The profit function of the government is defined as follows:
In Equation (15), g A represents the total accumulated assets of a BSS obtained by the government, and is made up of initial and new assets, the expression of it is as follows:
C represents the investment of the government, which contains the addition of a new part only, the expression of it is as follows:
jp t V represents the carbon emission reduction benefit of the government, which only calculates the part without input into the carbon trading market. The design formula of the carbon emission reduction benefit of the government is as follows: 100 1000 10000
jn t V represents the energy-conserving benefit of the government. Since using bicycles instead of a vehicle that consumes gasoline will reduce the consumption of non-renewable energy. Therefore, using bicycles will produce an energy-conserving benefit. The design formula of it is showed as follows: 4 1 100 10000
Ac t V represents the exhaust gas treatment benefit of the government. As the exhaust gas contains many sulfides, nitrides and dust and other pollutants in addition to carbon dioxide, it causes pollution in the atmosphere, and the government has to invest in programs to treat the air pollution. Since public bicycles reduces the vehicle exhaust emissions, it is of benefit in atmospheric controlling. Therefore, using bicycles will produce an exhaust gas treatment benefit. The design formula of it is showed as follows: 
In Equations (18)- (20), we assumed that different type of vehicles have a similar fuel consumption, so we took the average fuel consumption into calculation.
jk t V represents the health benefit of the government. The bicycle requires manpower to drive, so users are exercising during riding. That is, users of the BSS will do more exercise than the people who drive a motorized vehicle. Some reports have pointed out that people who exercise often have significantly better health than those who do not. Thus, a BSS user will exercise more and therefore improve their health, and their medical expenses will decrease. The design formula of the health benefit is showed below: In Equation (21), H represents the average medical expense per person per year, from the calendar year of statistical data regression can get its time-varying law:
yl t V represents the transport capacity substitution benefit of the government. With the development of the BSS, its advantages in short distance travel will become increasingly apparent. This will assist in alleviating passenger pressures on buses and taxis, and indirectly reduce infrastructure investment on those modes of transport, thereby saving social resources. As this saved social resource is the transport capacity substitution benefit of a BSS, the design formula is showed as follows: 
Model Formulation
In a BSS, the government commissioned operator responsible for operating the business, and grants it the right of transfer bicycle advertising; the operator commissioned advertising contractor is responsible for advertising the business. This is a three stage of the Stackelberg game, where the specific game process is: first, the government as a leader and the operator as a follower. The government seeks the BSS Pareto optimal profit as the goal to determine the number of subsidies and investment decisions. Based on the decisions of the government, the operator is able to choose the service level that maximizes his own benefit. Second, the operator as a leader and the contractor as a follower. The operator maximizes the benefits as the goal, determines the incentive strength, and the advertising revenue allocation proportion. As per the decisions of the operator, the advertising contractor can choose the effort level that maximizes his own benefit. These gaming processes for the subgame-perfect equilibrium are solved by using backward induction.
The Advertising Contractor Determines the Optimal Effort Level
As described above, the crux of the advertising contractor is to choose a suitable effort level to maximize his profit. Differentiating the profit function of the advertising contractor with respect to * t E yields: 
The Operator Determines the Advertising Revenue Allocation Proportion
Since the objective of the operator is to maximize his profit, and ensure the profit margin do not lower than the retention value. Therefore, substituting * t E into the function of the advertising contractor's profit margin shown below, then the optimal advertising revenue allocation proportion can be obtained.
The specific solution of the advertising revenue allocation proportion is shown in Appendix 3.
The Operator Determines the Service Quantity Level
The crux of the operator here is to choose a suitable service level to maximize his profit. Differentiating the profit function of the operator with respect to * t M yields: (
The Government Determines Optimal Decisions
The government can influence the operational effectiveness of a BSS by adjusting the subsidy coefficient, rewards and punishments coefficient and investment decision-making. The government should seek Pareto optimal decision-making under all constraints (that is, the profit margin of the advertising contractor must be no lower than the retention value. The profit of the operator must be a positive earning. The single phase of the capital investment must be less than the maximum investment of the government in every stage. The total investment amount must meet the limit).
To solve the above-mentioned problem, a dynamic programming model was constructed to solve the optimal investment decision of the government. The concrete model is as follows:
State-transition function: In the objective function (Equation (31)), the first equation is to maximize the profit of the entire system (the sum of the profit of the government, the operator and the advertising contractor) during the operation period (from 0 to T ). Based on the reason that the operator is the key in the BSS operational chain, which determines the final operating performance, and the government and the advertising contractor would like to maintain a cooperative relationship when the profits reach their expectations, the second equation is to maximize the profit of the operator during the operational period. For the constraint in this objective function, the first constraint represents the profit of the operator in every stage must be greater than zero. The second constraint represents that the profit margin of the advertising contractor in every stage must be greater than the retained profit margin formulated by himself. These two constraints ensure that the operator and the advertising contractor will not leave the BSS due to unprofitability. The third constraint represents that the sum of the investment and the subsidy from the government in every stage must be less than the maximum amount of financial expenditure at one stage. The fourth constraint represents that the sum of the investment and subsidy from the government during the operation period must be less than the maximum amount of financial expenditure in the BSS. These two constraints ensure that the objective function is more consistent with the reality as the financial expenditure of any government has a certain limit and budget.
Since the state-transition process in this model is time-dependent, an algorithm that supports timing characteristics must be used to solve the optimal investment decision-making in each period. Solving the problem presented above may be time consuming, even in instances of moderate size. Thus, in the next section, the way to speed-up the computation time of the solving process will be discussed.
Algorithmic Enhancements
In this section, the iterative method was used for the above model to solve the optimal solution. The description of the solution process is as follows:
Determining the initial value, the search scope and step length of decision variables.
(ii) Solving the optimal value of decision variables. Fixing all the values of the decision variables, except the one waiting to be solved. Finding the optimal value for each discrete point of this decision variable in the search range (each discrete point can determine an optimal investment decision-making time series, which is solved by depth-first search algorithm); and selecting the discrete point that can maximize the objective function to replace the initial/last value.
(iii) Repeat
Step (ii) to solve the optimal value of other decision variables, until every decision variable has found the optimal value.
(iv) Repeat Steps (ii) and (iii), until the optimal value of all decision variables remains unchanged.
In theory, it is feasible to use the depth-first search (DFS) algorithm to search all possible solutions to find the optimal investment decision-making process. However, since there are too many possible solutions for decision variables, for example, if 1300 stations needed investment during 10 stages in an operational period, the number of possible solutions may be about 10×10 10 . Directly using the depth-first algorithm will lead to a large amount of computation, and computing speed is very slow. Moreover, since the chromosome is long, the iterative computation time is also long, and the genetic algorithm is not suitable for this model and neither is the breadth-first algorithm as memory consumption is too large. Therefore, a Variable Granularity (VG) method [3438] was provided to improve the DFS algorithm to a VG-DFS algorithm. Numerical experiments proved that the new algorithm could effectively improve computing speed (from more than two hours to a few minutes, by a computer with Intel Core i7 processor).
The principle of VG-DFS algorithm is as follows:
Divide into groups. The optional set of decision variables will be significantly reduced through grouping, for example, every 100 stations are divided into a group, so the stations variable put into calculation will from 1300 to 13 groups. Thus, the rough optimal solution can be obtained quickly by the depth-first algorithm. (The grouping mechanism: group is the extent to which a possible solution set is composed of distinguishable pieces. In the calculation, first, the group is composed of coarse-grained distinguishable pieces. Then, in the next stage, the group is composed of finer distinguishable pieces. In this article, we let a refined group shrink five-fold over the group that in the previous stage. In this part, we suggest that interested readers to read about the definition of "granularity" [3539] to deepen understanding.)
(ii) Subdivide. Further subdivided within a small range near the rough optimal solution obtained in
Step (i) (for example, the rough optimal solution result is 800, the small range near it is 100, so the value range in the next stage is 700 to 900. Then, every 100/5 stations are subdivided into a group, there are 10 groups now). The optimal solution can also be obtained quickly after refinement.
(iii) Repeat the second step. Subdivided the result again, until it cannot be subdivided (for example, the number of stations in the group divided by five is smaller than 1), the final optimal solution is obtained.
According to the principle of the algorithm, the algorithm flow chart can be obtained, as seen in Figure 1 . 
Numerical Experiments
In this section, the performance of the models introduced in Sections 3 and 4 are demonstrated, along with the algorithmic enhancements presented in Section 5, when solving instances of practical size. The VG-DFS algorithm and the process of the solution are coded by ourselves using a general-purpose programming language: C#. The comparison of results obtained through using the practical operational data from the BSS in Hangzhou (China), it reflects the BSS developing trend under the existing economic environment and current operational strategies, without any optimization adjustment, and those derived from the model provided (the start counting data used in the model was from the BSS in Hangzhou). Hangzhou BSS was established in 2008, after nine years of development has established 3737 service stations, and put 85,800 bicycles in the city. In this BSS, the number of times bicycles have been rented reached 115 million in 2016, and the total number of times bicycles have been rented reached 744 million by the end of January 2017. At present, this system is the world's largest BSS [3640] . The developing trend of the major parameters including advertising revenue and user trips from both real data [3741, 3842] and predicted by our model are shown in Figure 2 . Table 3 presents the values of the parameters used in the dynamic programming model, which is showed in Appendix 2. Figure 2a shows the advertising revenue in the BSS from the practical and simulation data. The advertising management rights transfer policy of the BSS in Hangzhou, is based on a five-year contract (the first period was from 2011-2015, the second period is from 2016-2020), and the transfer fee is set at a fixed growth rate in each year. The simulation data predicted by our model was based on the changing of the user trips, under the condition of using the optimal operating strategy. Thus, the change of advertising revenue in the real data are gentler, while the simulation data are steeper. However, the total advertising revenue over the ten-year period was basically the same. Figure 2b is the number of user trips in the BSS from the practical data and simulation data. It can be observed that the simulation data and the practical data of the changing curve had a good degree of fit. The BSS in Hangzhou was one of the most successful projects around the world, and the numerical experiment indicated that the effect of our model would be similar; therefore, the operating strategy and the solution of optimal decision-making proposed in the model had feasibility and superiority. Just to be clear, the number of user trips from the practical data in 2017-2020 is predicted through using the linear regression equation, which is calculated by the practical data in 2011-2016.
Next, it was necessary to analyze the optimal investment strategy under this condition. As shown in Table 4 , regardless of the impression index value, the optimal investment strategy was to invest in stations as much as possible at the beginning, and then gradually reduce funding. This illustrated that the BSS needed to form economies of scale rapidly, in order to obtain the best benefits. Table 4 . The influence of the change of I on the decision variables As for the service level standard of the operator, the changing trend is with the increase of the impression index value. This indicates that the decision-making of limiting service quality of the operator to a higher level is the most beneficial method of enhancing the overall efficiency of the BSS.
The reward subsidy adjustment coefficient significantly increases when the impression index value increases. This suggests that a greater incentive and punishment intensity is needed to achieve the best effect when the BSS is in an economically developed region. As the advertising revenue is considerable, the operator would likely decrease the cost of operating if the incentive and punishment intensity of the service quality level is not sufficiently powerful.
Conclusions and Discussions
This article defines and formulates a revenue structure optimization model motivated by the need to achieve sustainable development in the BSS. Proper supervision and incentive mechanisms among stakeholders are important factors in the success of a BSS. This article is the first attempt to consider the revenue optimization decision problem, to formulate it as a dynamic programming and address various technical obstacles arising from solving large instances. In our model, the objective was to maximize the profit of the whole BSS under the condition of guaranteeing the interests of all stakeholders. To ensure the profit obtained by the stakeholders could meet their expected return, cooperative mechanisms with both incentive and oversight have been established. Given the long construction period of the BSS, this objective function becomes the optimization of the dynamic processes with time division. Next, the VG-DFS algorithm was developed to improve the speed of solving the model. Finally, a comparison of the results is obtained through the practical data and simulation data.
This article found that:
The BSS has the potential to achieve break-even, or even obtain a substantial income, when it implements suitable mechanisms and operational strategies, and the region in which it is located has a relatively high GDP.
(ii) The proposed models were proved having the feasibility and superiority, which can provide guidance for operational decisions in a BSS or any other similar system.
(iii) The best investment strategy in a BSS was to invest in stations as much as possible in the initial period of construction, and then reduce the investment year by year. Additionally, the BSS in economically developed areas have lower optimal operating subsidies than economically underdeveloped areas, but the optimal intensity of rewards and punishments is the former higher than the latter.
In summary, the results illustrate the importance and necessity of investing in a BSS for its strong positive externalities, when under a sustainable development perspective. The proposed operation optimization model can be used to effectively achieve break even or obtain positive net payoff among all stakeholders in a BSS. As the location of different BSSs have different trip purposes, terrain features and recognition degree, in addition to different levels of economic development, it might be challenging to find the optimal operation strategy by considering all influence factors. In these situations, the question of how to adjust the optimal strategy according the characteristics of each BSS with a flexible model design to enhance the applicability and performance of the model remains a challenging research direction.
Appendix 1
The notations of the parameters used in this article are in Table 2 , which are not presented in Table 1 . The specific solution of the advertising revenue allocation proportion is showed in this part. The solving process is as follows:
Firstly, by expanding Equation (26), the result is: (1 ) 
